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SUMMARY 


This thesis is intended as a further investigation 


along the lines suggested by NACA Th 22556 


Tre effects of dead spot non-linearities in certain 
moment derivatives on the lateral motion responses of two aire 
planes are investigatec. Load spot non-linearities in noment 
derivatives occurring, in the lateral equations are defined as 
non-linearities in which the moment derivatives in question 
are runetions of sideslip angle, Dein: zero over a certain 
range of siceslip angle on each side of zero sideslip, and 
outside this range of sideslip angle, known as the dead spot, 
having the constant value normally used in tno solution of 
the lateral stability equations as based on the theory of 
Small oscillations. VJortain evidence has come to light in 
recent years which strongly suggests the possibility of the 


existence of such non-linearities. 


The two airplanes whose lateral motions wero inves- 
tigated in this thesis were designated as Airplanes I and II, 
reapectively. Airplane I is a convertiunal, slow speed, twin 
engine transport type aircraft. Airplane Ii is the high speed 
fighter type aircraft whose lateral moticns were investirated 


in NACA TN 2233. Airplane I has very strong lateral هم"‎ 
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stability, Airplane IJ has marginal lateral dynamic stability. 


The moment derivatives in which dead epot non-linear- 
ities were assumed in this investigation were: direct! Onal 
stability, dampin,, in yaw, cihecral effect, and rolling moment 
cue to yawing velocity derivatives. NACA Ti 2255 considered 
the effects on the lateral motions of Airplane II only of cead 
spot non-linearities in only the firsttwo of the preceding 
four lateral moment derivatives, when present simultaneously. 
This thesis investigates the effects of the four dead spot non- 
linearities listed above taken singly and in various combinations 


for both Airplanes I and II, respectively. 


The dead spot range for all the non-linearities con- 
sidered in this thesis was taken as extend ng from minus two 


degrees to plus two degrees of sideslip angle. 


The lateral motions investigated were in response to 
disturbances in sideslip angle of five degrees and one dezreo, 


respectively. 


The standard NACA lateral stability equetions with 
controls fixed were used. These equations were solved for the 
lateral responses on the Reeves Llectronic Analo;ue Computer, 


(REAC) at tke University of Minnesota. Several cases were also 
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solvec for response in siceslip angle by hand, using the method 


of the Laplace transform, as checks on the accuracy of the REAC. 


It was found that the effects of the various dead 
spot non-linearities on the lateral responses showed, in gon- 
eral, the same trends for each of the two cifferont aircraft. 
Lowever, the offects on Airplane Ii wore much more pronounced 


than the effects on Airplane I. 


This thesis was completed in partial fulfillment of 
the requirenents for a Master's Legree at tho University of 


Minnesota. 





INTRODUCTION 


Up until tho time of World War II, the lonzitudinal 
and lateral stability equations based strictly on the theory of 
small oscillations were considered satisfactory for practically 
all investigations and estimations of aircraft dynamic stabil- 
ity. Moreover, up until that time, a mere estimation of the 
general nature of an airplane's dynamic stability characteris- 
tics was considered to be all that was necessary for most design 
purposes, since it was only desired to insure that the airplane 
have satisfactory dynamic stability characteristics and it was 
not considered necessary to accurately predict the time histor- 
ies of the notions in response to a disturbance or to control 
deflections. In order to estimate the longitudinal anc lateral 
stability characteristios under these requirenents, it was more= 
ly necessary to evaluate the longitudinal anc lateral character- 
istio equations which were based, respectively, on the longitud- 
inal anc late al stability equations, and then to find the roots 
of these equations. An examination of the coefficients of the 
longitudinal and lateral characteristic equationa indicates who- 
ther or not the airplane has longitudinal and lateral tedio 
Stability, respectively. From the roots of the characteristic 
equations, the general nature of the modes of motion, longitud- 


inal anc lateral, respectively, can be estimated. This procedure 
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is simple anc straightforward, and the required computations can 
be quickly made. The information on the stability caracteris- 
ties thus obtained was practically always sufficient for design 
purposes. The background and further elaborations of tbese pro- 
cedures is given in considerable detail in references (1) 


through (5). 


Recent years have seen the advent of pilotless air- 
craft, guided nissiles, aircraft rockets, and a preatly increased 
use of automatic pilot control of increasing complexity. All of 
these items frequently require that far more be known for design 
purposes concerning the dynamic characteristics of the airplane 
or missile than the mere fact that it is expected to be cynamical- 
ly stable and a general knowledge of the nature of its predicted 
modes of motion in response to a small disturbance. In fact it 
is now considered necessary in many cases to accurately predict 
the time history of the motions in response to various control 
deflections anc in response to various disturbances. The stend- 
arc stability equations used for this purpose are generally the 
standard longitudinal anc lateral stability equations as pre- 
sented by the National ¿cvisory Committee for Aeronautics, 
(NACA). These oquations are essentially the dynamic stability 
equations which have been in use for the last forty years, rel- 


erence (1). However, the equations have been modified to some 


DO Stee lm oes ہے‎ ipe یس وت‎ 
LI ARN E LE ndi dI 
JU A ud te $e Ae መለይ di ¿AT 
— — —— روج اہ س‎ · — 

att) un 


Oman — — — — — |‏ < 
(hem‏ — 
نم چا su — it: rien‏ 
— — مسوا ال Pm un‏ ده وس بارس وپ hes‏ 
— —— — — 
مس ሸክ መው ውን eben‏ — سم اس 
d —‏ له وتيت 
سا ب u nn‏ در دص — e‏ 











slight extent in recent years, and as proviously stated, *hoy 
were not generally used until recent years for the purpose of 
obtaining accurate tino histories of the various aircraft 


motions. 


Any method of hand solution of the stability equations 
for the time histories of motion responsos will involve much 
computational labor anc will be very tedious. However, the la- 
place transébrm method of solution is perhaps the most readily 
applied and straightforward method of solution, especially since 
this method inherently permits the application of initial con- 
ditions as disturbances, a straishtforward method of simulating 
actual disturbances on the airplave. Reference (G) describos 
the general application of the Laplace transform method d' solu- 
tion for time histories of the various motion responses. Rof- 
erence (7) is a text giving the general background for the gen- 


eral application of tho laplace transforn 8 ۰ 


Due to consideravle, tedious computational labor in- 
volved in solving the stabílity equations for time histories of 
motion responses by hanc computation, it is fer preferable to 
use an automatic computer for the solutions. Automatic digital 
computers give solutions of motion responses with a very high 


degree of accuracy anc a fair degree of speed. Automatic elec- 
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tronic analogue computers do not give the degree of accuracy of 
automatic digital computers, but the analogue computers are much 
faster, solving for, and simultaneously plotting, the time his- 
tories of all motion responses in a matter of seconds, with sat- 


isfactory accuracy. 


The longitudinal and lateral stability equations are 
based on the theory of small oscillations, which means that all 
disturbances and the amplitudes of all responses are fairly 
small, thus vermitting the assumption that all force and moment 
derivatives are constants. “he stability equations, including 
this assumption, sive quite accurate time histories of motion 
resconses for motion response amplitudes up to ten or fifteen 
degrees as is evidence by the investigations of reference (8). 
In this referenco are roported the results of calculated motion 
responses for a swept wing fighter using force and moment deriv- 
atives constant with amplitude, as determined in the wind tun- 
nel, anc of comparing these caleulated responses with responses 
for the actual full scale airplane in flight and subjected to 
the same disturbances. The agreement between the calculated 
and flight responses was in general very food, furnishing excel- 
lent justification for the use of the theory of small oscilla- 
tions and force anc moment derivatives constant with anplituco. 


However, in several cases reported in this reference fairly 
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larce disturbances of the controls were used causing as a result 
motion responses which were large erouzh to fall outside the 
range of the theory of small oscillations. In these cases, there 
was, of course, a decrease ín the accuracy of the calculated ro- 
sponses using derivatives constant wit) amplitude. Jlowever, the 
accuracy of the calculated responses for these cases was improved 
by assuming certain moment derivatives to be step function dis- 
turbances of angle of attack for longitudinal motions and angle 
of sideslip for lateral motions. These step functions were 

taken in such manner as to approximate the wind tunnel data over 
a wider range of angle of attack ard angle of sideslip, respec- 
tively, than was the case when the derivatives were assumed con- 
stant with amplitude. Thus, reference (8) gives good justifica- 
tion for assuming longitudinal momert derivatives to be functions 
of angle of attack and lateral moment derivatives to be functions 
of angle of siceslip when motion responses are expected to exceed 


the range of small oscillations. 


Reference (9) is an analytical lateral stability in- 
vestigation which also assumes that certain moment derivatives 
are functions of angle of sideslip rather than being constant 
with angle of sideslip response amplitude. However, in this 
caso the variation in the magnitude of the monent derivatives, 


as compared with the constant valuo normally assumed, is as- 
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sumed to occur near the value of aero sideslip rather than at 
the lar(er anplituces of angle of sideslip as wes the case in 
reference (8). Specifically, reference (9) assumes that the di- 
rectional stability, ng and dampin,, in yaw, Cn.» derivatives 
aro functions of the angle of sideslip for a high speed fighter 
type airplane. The nature of these variations of the above two 
moment cerivatives with sideslip angle is shown in Figuro l., It 
will de noted that within a range of siteslip angles fron minus 
two decrees to plus two de(rees, the moment derivatives are 
sero, while outside this range tho monent derivatives have the 
value which is normally considered constant with auplituce of 
sideslip angle. The range of sideslip from minus two degrees 
to plus two derreos is called the dead spot for the directional 
stability and camping in yaw derivatives. This type of varia- 
tion of moment derivative with sideslip ansle will be called a 
dead spot non-linearity, since it destroys the overall linear 
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variation of "ac with p and of C 


Sionless coefficient form for forces and moments is not used even 
though it is used in reference (9) and at practically all times 
by the NACA. Instead forces snd moments in units of accelera- 
tions are used, since this makes the stability equations more 


straightforward and simpler to apply, especially in the case of 
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hand solutions, "he list of symbols in Appendix A contains 
s’mbols and terminols;y used for force and moment Jeri vali vos 


when forces and moments are in units of acoeloration.e 


Tho dead spots assured in olrectional stavilitw and 
damping in yuw derivatives in reference (9) are qito arbitrary. 
However, it is believed likely that under certain conditions such 
dead spots co exist, especially in high speed fighter type air- 
craft of the typo analyzed in reference (9). These dead spots 
could be caused by pour fairing, of the tail surfaces into the 
fuselage, by wing wake for low-set tail surfaces, or by anything 
which might interfere with flow over the tail surfaces in such 
& manner as to cause the deal spot effect assumed for these 
moment cerivatives. Woreover, if these deal spot non-limmar- 
ities co occur, they will quite possibly not be measured or in- 
dicated by wind tunnel cata, cue to the relatively small anpli- 
tude of the dead spot or cue to the factors interfering with 
flow cver the tail surfaces, svch as poor fairing or filleting, 
not existing on the wind tunnel model at all. Therofore, it is 
of interest to determine the effect of such dead spot non=- 
linearities on the lateral motions of aircraft in response to 
disturbances in an effort to account for unexplained lateral 
motion responses noted in actual aircraft in flight or in an of- 
fort to catalog the effect of various dead spot non-linearities 


or. lateral motion responses for various types of aircraft in 
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order that the effect of such dead spot non-linearities may 


readily bo predicted in future Gen En work. 


Reference (9) constitutes a preliminary analysis of 
the effnets of dead spot non-linearities in moment derivatives 
on the lateral motions of aircraft. This thesis constitutes a 
further analysis of the effects of cGead spot non-linearitics 


on the lateral motions of aircraft. 


ijeference (9) considers the simultaneous effect of 
dead spot non-linearities in directionel stability anc camping 
in yaw derivatives on tie lateral motions of a particular high 
speed fighter type airpiane under certain flight conditions. 
This thesis considers the effect of the above “two dego spot non- 
linearitiee plus the effect of a similar dead spot non-linearity 
in the cihedral effect cerivative, 1p', on the airplane of ref- 
erence (9) for a straight and level flight condition. The ef- 
fects of these three ceac spot non-linearities are consi dered 
individually and in various combinations with one another. Yore- 
over, the effects on tho lateral motion are considered for a two 
engine transport type aircraft in a straight and level flirt 
condition at low speed. Por the second airrlene, the effects of 
the three preceding dead spot non-linearities are considered 


plus the effect of a similar den’ spot in the rolling moment due 
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to yawing velocity derivative, l.'. “ho effects of these four 
dead spot non-linearities on the lateral motions of the second 
airplane are considerec individually anu in various combinations. 


It is to be noted that 1,' is zero for the airplane of refer- 


6116 (9). 


The dead spot non-linearities in 1g* and lp' are ar- 
bitrarily assumed but they could possibly occur, and hence their 
effects are of interest. Anything which drastically interferes 
with the flow over the vertical surfaces would cause a tendency 


for dead spot non-linearities to occur in 1g" and یڈ‎ 


As was the case in reference (9), the amplitude of all 
cead spots was arbitrarily assumed to extend from minus two de- 
grees to plus two cegrees of siceslip. Although this deal spot 
amplitude is arbitrary it is a value whien could quite conceiv- 
ably occur in the actual physical case, and moreover, it isa 


convenient value to use in calculations. 


The disturbance which was used to cause lateral motion 
responses was in all cases a cisturbance ir. sideslip alone. 
This procecuro also corresponds to that of reference (9). Por 
each case the effects of the dead spot non-linearities on the 
lateral motions was investigated fur cisturbanoes in sideslip 


of bot}: Live dejgreos &.c one Cogree, respectively. These dis- 


=, dl هه‎ መኩ اس‎ LI emo miim APA < 
اله صا‎ e "ep a dh um OO Rem A مہ‎ 
dumm eso ټس ده غو ہے‎ Ld fiue o cá up هسه‎ 
سے لن اریہ سا وساو‎ zi e e m ons m et Ai 

| "my 


== r ^ e y a lhi aa a له‎ 
— — —— feet hee EI nP baama drenke 
wiwa) latae A E < reek 3 ae GA 
— — — — — — es alta 
| اب« سا تا‎ oM I ሪአፅፅ )ቁመ፡!ጭ› zc e mr 


መ ሰሙ c ,160 6‹የጠግሠ፡፡ቐ cd c cmm —‏ واا 
تسا sr... Q. k...‏ — —— — جواسے ہے — 
ወ ሐፊ 8. ALA e ide m‏ سملت las ok) d‏ وماجے — 








— “3 دات یه سج هه سط‎ ጨ ወ 
— ep ` —— — — — 


Et == 














turbances wore chosen Vecause they insured that the effects of 
the dead spot non-linearities on tie lateral motions woulc be in- 
vestigated for initial sideslip amplitudes both outside of and 
inside of the dead sput, respectively. ‘oreover, the lateral 
motions in response to sidesilp cisturbances furnish a good in- 
cication of the mature of the lateral motion responses of the 
airplane to smali disturbances in general. A aisturbance in 
sideslip alone is quite feasible from the physical point of 
view. if an airplane in straight ana lovel flight is hit by a 
strong, sharpeedgea gust with the result that it is practically 
instantaneously yawed through an angle of five degrees to tie 
left of its flight path, the airplane has then experienced a 
disturbance in sideslip alone o? plus five degrees. It should 
be noted that with the preceding cefinition of the disturbance, 
the airplane would have to be yawed through a yew angle in the 
horizontal plane of plus five degrees to return tho long tudinal 


axis to the direction of theflight path. 


This thesis is a theoretical investigation, as was 
reference (9), and t^ere are no rvsults of actual flight cases 
with whiel. to comparo Lhe results of the investigations compris- 
in; this thesis, althou;. 1t was stated in a general way in rof- 
erence (9) that undamped snaking moticns had been noted in 


Flight for hi,h speed aircraft in response to small ampl'‘ tude 
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sideslip disturbances anc that this snaking motion mi ht be at- 
tributable to dead spot non-linearities in ng and ip. However, 
in the absence of any detailed flight cata on the lateral re- 
&þonses of airplanes having deac spot non-linearities, the ro- 
sults of the investigations of this thesis are intended to 

serve as a cataloging of the effects of the various dead spot 
non-linearities on the lateral motion responses of two different 


types of uirplanes in straight and level flight. 


The standard NACA lateral stability equations arc used 
in computin, the lateral motion responses to the sideslip cie- 
turbunces. As previousiy stated, the accuracy of these equa- 
tions in —— the t:mo histories of lateral mot:ons of 
small amplitude has been shown by reference (6) to be quite 
good. It should ve noted, however, that the lateral stability 


equations as applied in tnis thesis are for "controls fixed", 


The Reeves Llectronic Analogue Computer (RAC), at the 
University of Minnesota was used to compute the lateral motion 
responses to the siceslip disturbances for tho cases uncer ine 
vostiration, since theo solution for the time histeries of the 
responses for all these cases would reguire a very prohid- 


itively large amount of time. 
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DESCRIPTION OF AIRPLANES INVESTIGATELD 


The airplanes whose lateral motions were investigated 
in this thesis were designated as Airplanes I and II, respec 


tively. Their characteristics are described below. 


Airplane I is a conventional, slow speec twin engine 
transport. Its force and moment derivatives arc given directly 
in units of acceleration and are tabulated in Table I. The 
equilibrium flight condition of Airplane I throughout these in- 
vestigations is straight and level flicht at an altitude of 
7500 feet and a true airspeed of 242 feet per second, which is 
165 miles per hour. It was expected that this airplane would 
have a very high degree of lateral dynamic stability. This ex- 


pectation was borne out by the results of those investirations. 


Airplane II is a high speed fighter type airplane which 
is used in the investigations o^ references (9). he force and 
moment derivatives of this airplane ars given in reference (9) 
in the form of non-dinens!onal coefficients. These derivatives 
were converted to units of acceleration in Appencix R and are 
tabulated in Table II. The equilibrium flight condition of Air- 
plane II throughout these investigations is straight anc level 


flight at an altitude of 30,000 feet anc a true airspeed of 753 
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feet per socond, which is 313 miles per hour. It is evident from 
reference (9) that this airplane, although laterally dynamically 
stable, this airplane is moderately close tc the lateral oscilla- 
tory instavility bouncary. This was borne fron the results of 
the investigations of this thesia, which, in fact, showed that 
the lateral dynamic stability of Airplane if might bo termed 
marginal when there are no non-linearities in the mowent ceriva- 
tives. It shoulc be noted that the Plight cundition of Airplanes 
II in these investigations corresponded to the case whore 7 wes 
equal to sero degrees in reference (9). Moreover, the type of 
dead spot non-linearities assumed in the various moment deriva- 


tives corresponded to Case 2 of reference (9). 
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Using the method of the Laplace transform as outlined 
by references (6), (7), and (9), the lateral response in side- 
Slip was computed by hand for a disturbance in siceslip of plus 
five dorrees for both Airplanes I and 11, respectively, with no 
dead spot non-linearities in force or moment derivatives and 
for Airplane I with the dead spot non-linearity assumed in the 
dihedral effect derivative. These solutions were used primar- 


lly as checks on the accuracy of tho RLAC. 


Then using the RLAC, the lateral responses for side- 
slip and the lateral motions and rates of motion in response to 
disturbances !n sideslip of five degrees and one degree, respec- 
tively, were determined for the various assumed dead spot non- 
linearities in moment cerivatives, taken individually and in 
various combinations. These RAC solutions for the various 
lateral responses were then usec to analyze the effects of the 
various deac spot non-linearities on tho leteral responses as 
compare: to the lateral res;ornses for Airplanes 1 and Ii, re- 


spectively, with no nad spot non-linearities. 
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HAND 80101106 ۳ن‎ TIME LATIXAL 3TA-ILITY SQUATIONS 


In Appendix C aro presented the stability egual ions 

and the Laplace transform of the lateral stability oquat! ons 

for initial condition disturbances». Equation C-2 of appencix C 
are the standard NACA lateral stability equations in which for- 
ces and moments are in non-dimensional coefficient form anc tine 
appears az a non-älmensio.al parameter. ‘These are the oquations 
as used in reference (9). Equations C-2 are the sane standard 
lateral stability equations but in which ferces and moments ap- 
pear in units of acceleration and time appears directly in sec- 
onds. These sre the equations as used in this thesis, both for 


the hand solutions and for the RLUAC solutions. 


Appendix C also contains the expansion of the deter- 
minants incident to the Laplace transform hand solution of equa- 
tlons C-2. These determinants were sxpanded in general forr for 
initial condition types of cisturbances. This corresponds to 
what was presented in reference (9) except that this referen 
presents only the expansior of the denominator determinant and 
the numerator determinant for angle of sideslip response, whore- 
as Appendix C of this thesis presents in addition to the pro- 
coding expansions, the expansions of the numerator determinente 


for angle of roll and angle of yaw responses, respectively. 
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It will be noted that equations C-2 contain constant 
terms, Yo, ng, and 1,', which are required for deac syot non- 
linearities in yg ° d » and 16 و‎ of the tyve illustrated in Fig- 
ure 1, for dead spot non-linearities in ng and. 1% . In refer- 
ence (9) only the consts:t Choe corresponding to ng, is inclu- 
ded. I+ will be noted that this constant appears in different 
terms in the expansion of the numerator determinant for angle 
of sideslip in Appendix C of this theeis anc in the expansion 
of reference (9). The author of reference (9) has acknowlec;ed 
that reference (9) is in error in this respect and that Appendix 


C of this thesis is corroct ín this respoct. 


Using the equations and expansions of Appendix C the 
sideslip an¿le response was computed by hand for a disturbance 
in angle of sideslip of plus five degrees for Airplane I with 
no dead spot non-linearies and with the assumed dead spot in ig’ 
respectively. Sample calculations for these solutions ara ¡re- 
sented in Appendix D of this thesis. The responses in angle of 


siceslip for these two cases are plotted in Figure 2. 


The response in angle of sideslip to a five dejroe 
disturbance in sideslip for Airplane II with no dead spot non=- 
linearities was also computed by hand using the Laplace trans- 


form method outlined in Appendix Ce ‘his response solution is 
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plotted in Figure 3. It will be noted that this solution differs 
somewhat from the corrosponcing solution in reference (9), being 
very similar in general nature but lying closer to the solution 
for ñ equal to minus two degrees than to the solution for 1 
equal to zero degreos, which was the actual case in this solu- 
tion. It is believed, but not verified, that the sideslin re- 
sponse solution appearing in Fisure 3 of this thesis is correct, 
rather than the sideslip response solution appearing ’n refor- 
ence (9). Therefore, henceforth in this thesis the solution ap- 


pearing in Figure 3 will be assumed to be correct. 
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REAC SOLUTIOS F TNA LATUTRAL STABILITY 20047 ORE 


The Reeves Electronice Analosue Computer can solve the 
lateral stability equations directly and in very short time. 
Lquatíions C-2 were usec for the RAC solutions. Appendix E of 
this thesis presents equations C-2, the lateral stability equa- 
tions and the various multiplying potentiometer settings used 


for Airplanes I and II, respectively. 


A tabulation of the various RSAC solutions which were 
mace and their desipnatiíons for purposes of this thesis is riven 


in Table IIl. 


it will be noted that in the case of each airplane, 
respectively, solutions were mado for the airplanes with no 
dead spot non-linearities and a disturbance in sideslip of plus 
five degrees anc for the airplanes with the various assumed 
dead spot non-linearities taken incivicually and in various com- 
binations, as indicated by Table III, for disturbances in side- 
Slip of plus five decrees and pius one degreo, respectively. 
It will also be noted that by an integration process, indicated 
in appendix Z, angle of siceslip was mace to appear as tho ab- 
cissa in R£AC solutions 1-1 and II-1 rather than time, which is 
the usual abcissa. Thus, in these two solutions the various 


cead spot non-linearities for Airplanes I and II, respectively, 
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aro presented by the RLAC as funotíions of angle of sideslip in 
the manner in which the RUAC applies them in the solution of 
the lateral stability oquations. These two RAC solutions 
showed that as applied by the RLAC, the dead spot non-linear- 
ities did not have precisely a dead spot range extending be- 
tween plus and minus two degrees of sideslip angle anc that the 
discontinuities were slightly rounded. liowever, these two sol- 
utions showed that the deac spot non-linearities as applied by 
the REAC were very nearly exactly as desired, comparing very 
favorably with desired dead spot non-linearities as illustrated 


by Figure l. 


All other RLAC solutions wore time histories of the 
varíous lateral responses for the various cases as tabulated in 
Table III. For esch REAC solution the following lateral re- 
sponses were recorced: angle of siceslip, anzle of roll, angle 
of yaw, rate of roll, rate of yaw, and any ceac spot non-linear- 
ities that were assumed for the case in question multiplied by 
the rosponse with which they were associated in the lateral 
stability equations. Ti.is required that each ELAC solution be 
recorded twice since the recorder which was usad could record 
only four responses simultaneously. In order to insure that 


the two recordings of each solution were identical, angie of 
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sideslip response was recorded both times for each solution. It 
was found that for nearly all solutions the two recordings of 
angle of sídeslip res, onse matched one another very closely. 

The most marked exceptions to tho above occurred in ALAC solu- 
tions II-6 and II-9. In the case of R:AC solutions II=Ga and 
II-6b the two recordings of sidceslip response matched exactly 

in period but showed a variation of about five per cent in 
their respective peak amplitudes. In the case of RIAC solu- 
tions II-9& and 11-95), the two recordings of sideslip response 
matched very closely in anplitude but showed a variation of 
about fivo per cent in period, Since the reneral nature of side- 
slip response wes the sane in both recordings for both cases, 
the fairly small variations in amplitude and period, respect- 
ively, were not considered preat enouyh to destroy the identity 
cf the solution between the two recordings in either case. In 
nearly all other solutions variations between the two record- 


ings of sideslip angle response were negli zible. 


The recording for each solution of the time nistory of 
the assumec cead spot non-linearities showed that for all cases 
the dead spot range of from plus to minus two cecrees of saido- 
slip angle was quite well maintained., ¿iscontinuities for the 
non-iinearities in ng and 18° were slightly rounded but wore 


sufficiently sharp to represent the desired dead spot non= 
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linearities very closely. Liscontinuities for the non-linsar- 
ities in n, and l.' were quite sharp anc thus represented the 


Gesired dead spot non-linearities very closely. 


RIAC solutions I-2 and II-2 represent the solutions 
for the lateral responses for Airplanes I and II respectively 
with no dead spot non-linearities and a siceslip disturbance of 
five degrees. These solutions were compared on the basis of 
peak amplitudes and periods with the hand solutions for sideslip 
angle response for the same casos, which are plotted in Firures 
2 and 3, respectively, with the hand solutions being considered, 
of course, the more accurate. “he results of these comparisons 
are tabulated in Table IV. Also tabulated in Table IV is the 
comparison of ..5C solution I=5 with the corresponding hand aol- 
ution for assumed dead spot non-linearity in 18° for Airplane I 
with a eidoslip disturbance of five degrees. It is evident that 
R£AC eolutions I-2 and I-5 compare very favorably with the cor- 
responding hand solutions which are plotted in Figure 2. ፪:ልር 
solution 11-2 does not compare as favorably with the correspond- 
ing hand solution for Airplane II, which is plotted in ۳1۵ ک٠.‎ 
However, tho main variation lies in a small consistent varia- 
tion of peak amplitudes, end this variation is not considered 
sufficient to destroy the icontity Letween the hand solution for 


sideslip response for Airplane II with no non-linearities and 
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the corresponding, RIAC solutione Un the basis of the above com- 
parisons the RIAC 16 assumed to accurately solve the lateral 
equations of motion for lateral responses in the cases covored 


by this thesis. 


Various characteristic values deternined from the RLAC 
solutions for the various lateral responses to a five degree 
sideslip response are tabulated in Tables V and VI for Airplanes 
I and II, respectively. Certain of the values from Tables V and 
VI are tabulated in Tables “11 and Vili, respectively, as per- 
centages of the corres »onding values for the respective airplane 


with no dead spot non-linearities. 


à number of KEAC solutions were included in this 
thesis. The ¿AC solutions which were included and their fig- 


ure numbers are indicated in Table I11: 
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RISULTI AMD DISCUSS ION 


The mathematical and physical background of these in- 
vestigations have previously been covered elsewhere in this 
thesis. lMoreovor, the accuracy of the RAC computer, as checked 
by hand solutions for several cases has also boen covered arc 
found to be reasonably Good. Therefore, it will now ٥6 56 
that the RZAC solutions for the lateral responses are correct 
for each of the various cases investigated. This section of the 
thesis will be devoted to the analysis and discussion of the ef- 
fects on the lateral aircraft responses of the various dead spot 
non-linearities as presented by tho RTAC solutions, that being 


the major purpose of the investigations comprisin; this thesis. 


The R£AC solutions corresponding to the various dead 
spot non-linearities are listed in Table Ill. Various quanti- 
ties relating to the nature of the lateral responses for a 
sideslip angle disturbance of five derrees were determined from 
these solutions and tabulatod in Tables V and VI for Airplanes 
I and Il, respectively. Using the values irn Tables Y and VI, 
various quantities relating to the nature of the laterel re- 
sponses wore expressed as percentazes of their values for the 
case with no non-linearitios. hese percentages were tabulated 


in Tables Vii and VIII for Airplanes I and II, respectively. 
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Thus the various REAC solutions and Tables V, YI, VII, and VIII, 
were used as the basis for the following discussions. In the 
following discussions, the term “lateral responses" will, as 
before, indicate the agregate of the time histories of angle 
of sideslip, angle of roll, angle of yaw, rate of roll, and 
rate of yaw, responses to tho sideslip disturbances. It should 
also be noted that, except where noted otherwise, all discus- 
sions pertain to the first eighteen seconds following the dis- 


turbance. 


lateral responses for Airplanes I and II with no doad 


spot non-linearities: 


Airplane I with no dead spot non-linearities in moment 
derivatives has a very stable response in all lateral responses 
to a five degree disturbance in siceslip angle. In less than 
3.5 seconds and 1.0 cycle from the time of the first oscilla- 
tion, each of the lateral res*onses is damped to one half emn- 
litude. In less than 15.0 seconds and 4.0 cycles, each of the 
lateral responses is damped to 0.01 amplitude. Lach of the 
lateral responses, except yaw angle, appear essentially as pure 
oscillations with negligible pure divergence from original trim 
conditions. Angle of roll, however, Coes show a slight spiral 
diver;ence after seven seconds, but at fifteen seconds from the 


original disturbance this pure divergence has increased only to 
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about 0.02 degree, a value which would not be noticed by the 


pilot. 


The angle of yaw response shows tho airplane's good 
directional stability, since within 2.5 seconds the angle of yaw 
has shown a pure divergence to the right of five degrees and has 
commenced a heavily damped oscillation about the value of five 
degrees, with an original amplitude of 2.5 degrees. ‘ince at 
zero time the angle of yaw is zero and the relative wind is five 
degroes to the richt of the longitudinal axis, the above yaw re- 
sponse is what would be oxpected of a stable airplane. Angle of 
yaw also shows a slight spiral instability after about ten soc- 
onds from zero time. However, nt fifteen seconds, this spiral 
divergence is only 0.4 degree greater than the yaw angle of five 
degrees at which the airplane first stabilizes. Therefore, the 
airplane can be said to have negligible spirel instability for 


a disturbance in sideslip of five degrees. 


As can be seen from Table V, the maximum amplitudes at- 
tained by all lateral responses are small, the maximum values at- 
tained by angles of sideslip, roll, and yaw, respectively, being: 
“2.65 degroes, -1.5 degrees, and ~7.5 decrees. The maximum 
values attained by rate of roll and rate of yaw, respectively, 


are: -2.2 degroes/second, and 6.0 degroes/second. It is to be 
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noted that when the term maximum value of sidesli;) is used here- 
in, it refers to the maximum value of sideslin an-le oscilla- 
ton amplitude attained following, but not incluciny, the orig- 


{nal disturbance. 


The period for one cycle of all lateral ۳۵ 0۵8۵9 8 
4.15 seconds, which would probably be lon; enough to allow the 
pilot to take corrective action if be desired. lNowever, the 
amplitudes of all lateral responses ars so small, ang their os- 
cillations are so beach ly damped that in less than fifteen sec- 
ongs the airplane will ave returned to an equilibrium straight 
and level flight condition with no discomfort to the pilot and 


no control action required. 


Thus, it may be stated that tho lateral motion re- 
sponses of Airplane I with cortrols fixed are heavily camped 
oscillations of fairly long period with negligible spiral diver- 


gence in the first fifteen seconds. 


Tre lateral motion of Airplane I, with no desd spot 
nonelinearities in moment Jerivatives, in response to a distur- 
bance in sideslip of one degree would be exactly the same as 
that for the five degree disturbance except that all amplitudes 


would be reduced by one fifth. 
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Airplane II with no dead spot non-linearities in mo- 
ment derivatives has a stable response in all lateral notions 
to a five degree disturbance ln sideslip. lNowever, the stalil- 
ity characteristics of Airplane II are far less desirable than 
those of Airplane I. This ia to be expected, however, since in 
a transport type aircraft, (ood stability characteristics are 
of prime importance since they insure smooth, ocrfortabie 
straight anc level flight, whereas in fighter type aircraft, 
on the other hand, although dynamic stability is required, some 
Stability characteristics must be sacrificed in order to insure 


good maneuveratility characteristics. 


All lateral responses of Airplane II are pure oscilla- 
tions with negligible spiral divergence. At 0.8 seconds follow 
ing the disturbance, yawangle has attained a value of ten ce- 
grees and started oscillating about plus five degrees with an 
initial anplitude of fice cegrees. ‘hus, Airplane iI also has. 
good directional stability, although its yaw oscillations are 
mere lightly damped and of larger amplitude than those of Air- 
plane 1. he various lateral oscillations require over four 
seconds and about three cyoles to camp to half amplitude. “his 
can be seen from Tables V and VI to bo about twice as mary soc- 
onds and about five times as many cycles as required by Airplane 


I to damp to half amplitude. loreover, at fifteen seconds fol= 
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lowing the disturbance, the lateral responses of Airplane II have 
Just barely been camped to less than O.l anplitude and have os- 
cillated thruu,h more than 9.5 cycles. This compares very un- 
favorably with Airplane I, whose lateral oscillations have com- 


pletely damped out by fifteen seconds. 


The maximum values attained by the lateral responses 
of Airplane II are relatively high. They ar» as follows: angles 
of sideslip, roll, and yaw, respectively aro -4.6 docrees, -14.2 
degrees, and 10.1 degrees; rate of roll and rate of yaw, respoc- 
tively are 52 degrees/second and 21.5 degroes/second. All of 
these values are high enough to be quite noticeable to the pilot. 
The maximum roll angle of -14.2 degrees is os the verge of being 
too large to fit the assumptions of the theory of small oscilla- 
tions on which the lateral equations are based, but it is not 
large enough to make an appreciable error in this solution. 

The large maxinum rolling and yawing velocities occuxy within 
the first second after the disturbance ard coupled with the 
shorter period, which is 1.5 seconds for all lateral responses, 
would wake the motion very uncorfortable for the pilot who is 


trying to fly straight anc level. 


Thus tho lateral responses of Airplane II, with controls 
fixed, are moderately camped oscillations with no spiral insta- 


bility. 
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The lateral responses of Airplane ITI with ro dea. spot 
non-linearities in response to a cisturbar.ce in sideslip of one 
degree Would be exactly the same as the responso to the five 
degree disturbance in sideslip except that the amplitudes would 


be recuced by one fifth. 


The difference in the nature of tho lateral responses 
between Airplanes I and II in response to the samo disturbance 
can be considered to conform to known theory. As can be soen 
from Tables I and il, the most marked difference between tho 
characteristics of Airplanes I ang II lies in the difference be- 
tween their rospective cihecral effects and directional stabil- 
ities, both being greater for Airplane II than for Airplane I. 
Moreover, tho difference in the dihedral effects is ,rcater 
than the difference in the directional stabilities. In non- 
dimensional coefficient for these differences would be even 
more marked since (qSb) would be smaller for Airplane II than 
for Airplane I. Wow igure 11-3 of reference (1) has been in- 
cludec in this thesis as Fiz;ure 4. Pron this figuro it can be 
seen that there is a certain range for a particular airplane 
over which cihedral effect and directional stability may be 
varied which will give lateral dynanic stability. Ifa certain 
airplane lying in this stable region had its directional sta- 


bility held constant an! its effective wing dihecral varied so 
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that the dihedral effect becomes greater negatively, the oscil- 
latory boundary is approached or crossed if the negative in- 
crease in dihedral effect is great enouzh. Conversely, if the 
dihedral effect 1s decreas#d negatively, the civergence boundary 
is approached or crossed. Reasoning on this basis in very gon- 
eral terms, if it were assumed that the main difference in the 
characteristics of Air; lanes I and II were a moderato difference 
in directional stability derivative and a large difference in 
dihedral effect derivative, then Airplane II would be expected 
to be in the region of the oscillatory boundary anc Airplane I 
in the region of the divergence boundary». Such is apparently 
the case, for as previously shown, Airplane II is in the stable 
region with no spiral divergence but with relatively lightly 
damped, short period oscillations, thu. showing it to be rola- 
tively near the oscillatory boundary. Airplane I, on the other 
hand, is just barely on the unstable side of the divergence 
boundary, since it has a vory miid spiral divergence and heav- 
ily damped, longer perioc oscillations. Thus, as previously 
statod, — I has been permitted to have very nílC, prac- 
tically unnoticed spiral divergence in order that it may have 
very heavily damped, long period lateral oscillations, wheroas 
Airplane II has been permitted to have only moderately well 


damped lateral oscillations in order that it may havo ۵ 
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maneuverability characteristics. lowever, in this caso the com- 
bination of low period and high amplitudes mare the lateral 


stability characteristics very desirable. 


Tredicted effects of dead spot nun~linearitivs: 


It would be very difficult to predict the effocts of 
the various dead spot non-linearities with any accuracy without 
actually solving the stability equations with these non-linear- 

ties inoluéced, as was done in this invest.i;ation. However, by 
reasoning similar to that in the preceding perapraph, the ef- 
fects which the non-linearitios could be expected to have may be 


predicted in very [general terns. 


Following the line of reasoning of the preceding sec- 
tion, a Gecrease in dihedral effect to sero with all other air- 
plane charactertistica held constant would, in accordance with 
Figure 4, be expected to increase The dorin of theo lateral os- 
cillations and to cause spiral instability. in the case of the 
dead spot non-linearity, the cihecral effect is only zero when 
sideslip angle is between plus and minus two dejrees. Neverthe~ 
less, the general effoct woulu be expected to be that stated 


above. 


Limi larly, the reduction of directional stability deriv- 
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ative to zero when within *he dead spot would be expectod to 
have the general effect of modifyines the lateral oscillations. 
llowever, sinee in this case dihedral effect would be held con- 
stant, the dead spot in directional stability derivative would 
be expected to primrily affect the lateral oscillations ina 
respect other than damping. Thus, the dead spot in directional 
stability derivative would be expected to primarily affect the 
period of the lateral oscillations. This agrees with the state- 
ment mace in reference (9), stating that the directional stabil- 
ity derivative is similar to the spring constant ina spring- 


dashpot system. 


The damping in yaw derivative, as cen be seen from its 
name, ic well known to affect primarily the camping of the lat- 
eral oscillations. Thus, the general offect of the dead snot 
non-linearíty in the danpin, in yaw derivativo would be expected 
to consist of a reduction in the damping of the lateral oscilla- 
tions. This agrees with a statement mace in reference (9) com- 
pring the damping in yawing derivative with tho camping con- 


stant of a spring-dashpot systen. 


The general effect of the dead spot in the rolling 
moment due to yawing velocity derivative would be difficult to 
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Simultaneous combinations of the above dead spot non- 
linearities would also lave effects which would be hard to pre- 
dict except that it might be conjectured that the individual 


effects might be superimposed on one another. 


The effects of the various dead spot non-linearities 
will now be described and discussed in very general teras. =x- 
cept where stated otherwise, comparisons are maco with the later- 
al responses of the airplanes for the case with no dead space 


nor-linearítios. 


Lffect of deac spot non-linearity ir ھ٤‎ 


Tre primary effects of the dead spot in 16! wore a 
marked decrease in amplituce for angle of roll and rate of roll 
for both airplanes for the five degree sideslip disturbance. 

Por Airplane 11, the damping of all lateral responses was mod- 
erately increased for the five degree sideslip cisturbance, 
whereas for Airplane I the damping was essentially uncharged for 
ell lateral responses. The offects on the period for “he five 
cegree disturbance wero negligible for both airplanes. The ef- 
fect of this dead spot for the one degree disturbance in sice- 
slin was negligible for both airplanes escept that both angle 

of roll and rate of roll rerained! zero for Airplane II throughout 


the solution. 
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Lffect of dead spot non-linoarit: ín ng: 


This non-linearity had the effect on Airplane I of con- 
siderably lengthening the periods of the oscillations of the lat- 
oral responses for the five degree siceslip disturbance. In ad- 
dition tho maximum amplitudes wore, in ¡oneral, increased some- 
what and the damping was sorewhat decreasec. The offect fer the 
one degree siceslip disturbance on Airplane I was similar to the 
above except that all amolitudes romained srail, less than one 
degree or ons depres per second, respectively. Ko spiral diver- 


gence was evident for either of the disturbances. 


The effects of this non-linearity on Airplane 11 for 
the disturbances in sideslip of both five degrees and one cegree 
were the same as for Airplane I with the sideslip disturbance of 
five degrees with the very major exception that Airplane II had 
a rapidly developing anc extremely large spiral divergence which 
rade the airplane's lateral stability characteristics extremely 
unsatisfactory for both the five degree and one degree sideslip 


disturbances. 


uffect of dead spot non-linearity in lp': 


The effect of the dead spot in lp' on Airplane I for 


the sideslip disturbance of five degrees were very small. The 
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periods and raximum azplitudes of all lateral ros?onsos wor» os- 
sentially unchanged. The time to damp to half emplituce of 

angle of roll and rate of roll rosponses way somewhat cocrwased, 
whereas it was sliphtly increased for the other responses, Tho 
time to camp to 0.1 agplitude was slightly increased Tor all 

lateral responses. A small spiral divergence was evicent which 
was somewhat greater than that for the case with no non-linoar- 


ities. 


For the case of Airplane I with a one degree distur- 
bance in síceslip, this non-linearity had the primary effeot of 
producing a spiral divergence which, though small, was appreci- 
ably greater than the spiral divergence encountered in Airplane 
I with no non-linearities. All lateral response oscillations 


were of small amplitude and heavily camped. 


-ffect of dead spot non-lir*arity in np: 


this non-linearity hac the effect for both Airplanes 
I amd 11 for disturbances in sideslip of both five degrees and 
one degree of reducing the damping ané leaving tbe period un- 
changod. However, the reduction in damping for Airplane I, al- 
though appreciable dic not make the stability characteristics 


of Airplene I unsatisfactory, whereas the resronse oscillations 
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for Airplane II became neutrally dasped for tho five degree dis- 
turbance unstable for the ono cegree disturbance, thus making the 
stability characteristics of sirplane II unsatisfactory for this 


Combined dead spot non-linearities in 1g' and lp's 


The primary effect of this set of non-linearities on 
the lateral responses of Airplane 1 was to reduce tho oscilla- 
tions of angle of roll and rate of roll responses to such an ox- 
tent that angle of roll res)onse was a pure divergence by three 
seconds following the disturbance for the five degree sideslip 
disturbance and by one second following the disturbance for the 
one cesree disturbance. This divergence was not pronounced 


enough to be objectionable. 


Combined dead spot non-linearities in ng and np: 


The primary effects of this set of non-linearities on 
both airplanes for both sideslip disturbances were to reduce the 
Campin,» lengthen the period, and in most cases increase the 
maximum amplitude for all lateral responses. For Airplane J the 
magnitude of these effects was not objectionable. For Airplane 


JI the lateral stability characteristios were made unsatisfactory. 
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For the five degree disturbance in sideslip of Airplane II all 
lateral responses became neutrally camped at from 0.7 to 0.8 
of their initial amplitudes. for the one degree disturbance in 


siceslip of Airplane II, all lateral responses became unstable. 


Combined effect of dead spot non-linearities in 1g', (EM ng 


and np: 


The primary effect of this set of non-linearities on 
the lateral responses of Airplane I for sideslip cisturbances 
of both five dezreos and one degree Was to lengthen the period 
and reduce the damping, each by a moderate amount. l.owever, the 
tendency also was to reduce the oscillat ions of angle of roll 
and rate of roll responses waking angle of roll response nearly 
a small, pure divergence throushout the major portion of the 
solution for both the “ive cegree and one degree disturbances, 
respectively. For the one dogree sideslip disturbance, tho di- 
reotional stability is very poor with angle of sideslip oscil- 


lating about 1.5 degrees. 


Combined effect of dead spot non-linearities in 1g's n» and ny: 


Ihe major effects of this set of non-linearities on 


Airplane II for both the five degree and one decree sideslip 


UT 


at mino o qitaemta of setters seat መፒ ais ©)‏ ما 
وه rt IA A ፡ጭ e" er! asi Lowe dedo rw) weet‏ 
alias‏ نا Q1. mom‏ ولی — — ጦመ‏ ند وله . 


Y ¿ad V ami itm ilem dee Rech Le "zg h...‏ پر 
m‏ ضيه 


w Des ale des mr ده وا‎ 
wlw ali en en erm e a or rl A 
af A w m مت بی‎ aA a) emn ka 
sA lo acim wege wir umapi we w vid m o 
¡als er ዛሕ میا په‎ eweye وم‎ ሃዛር ሸ2፡ሠ' ጣን .መ/2:ህህኔ 
aM a e pahe d a e r 
Timo Mn fpe v wd ver ን بت یی‎ 





- + سه‎ - a 


pu a لرل‎ e en مم ۷د تسا هپو‎ መ“ሙ› 












- 4l - 


disturbances, respectively, were to increase tho period and re- 
duce the dempins of the lateral response oscillations. 0990۷۵ و‎ 
the stability characteristics for this case, although marginal, 
could be considered satisfactory and are much improved over the 
case with dead spot non-linearities in both ng and np. Thus the 
dead spot non-linearity in 1! showed a very stron, damping ef- 
fect on the combined dead spot non-linearities in ng and npe 
This is the effect which would be predicted if the results for 
the dead spot for 187 alone wore superimposed on the results for 


tho combined dead spots in ng end nye 


Although the results presented in this section show 
some agreement with the simple predictions attempted earlier in 
the section, it is obvious that for any sort of accurate 'ndica- 
tion of the effects of various deac spot non-linearities, the 
actual resvonses must be solved for as was done in tho investiga- 
tions of this thesis. As an extrome example of this it may bo 
noted that the violent spiral instability caused for Airplane II 
by the dead spot non-linearity in ng woulc be completely unex- 


pected in a mere coneral qualitative analysis of the situation. 


However, inasmuch as the results of this thesis show a 
ceneral sinilarity in the trends of the offects of the dead spot 


ron-linearities on the lateal responses of Airplanes I and Il, 
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which differed widely in their characteristics, it is believed 
that the general results of this thesis for each of the air- 
planes could be appliec, respectively to airplanes of very sin- 
ilar characteristics. Interpolation of the results: for Alr- 
planes I and II, respectivoly, for an airplane whose charactor- 
istics differ significantly from either of these would probably 
lead to incorrect conclusions in many casos, It is believed 
that if an accurate estimation of the effects of any dead spot 
non-linearities are desirec for a particular airplane, then the 
lateral responses to disturbances of interest should be solved 
for that airplane, as was done in the investigations of this 


thesis. 
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CONCLUSIONS 


The major effects of the dead spot non-linearities in- 


vestigated ir this thesis were found to be as follows: 


Dead spot in "و1‎ : 


Dead spot in ng: 


Dead spot in 1,': 


Dead spot in ny: 


Exercised a moderate increased 
damping action on the lateral re- 


sponse oscillations. 


Acted to lengthen the period of 


the lateral response oscillations. 


This derivative was zero for Air- 
plane II. The effect on tho lat- 
eral responses of Airplane I were 


necli gible . 


Acted very markedly to reduce the 
damping of the lateral response 


oscillations. 


The effects of combinations of the above non-linear- 


ities appeared, in general to be a superposition of tho effects 


of the non-linearities acting individually. 


The general trend of the effects of the various doad 


spot non-linearities were, in general, the same for Airplanes I 
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and Il. lNowever, the magnitudo of the offects was mich greater 


for Airplane II, the leas stable airplane. 


Dead spot non-linearities in ng and n, caused some ex- 


tremely unstavle and dangerous lateral responses in Airplane II. 


If an accurate appraisal of the effects of any dead 
Spot non-linearities in moment cerivatives on a perticular air- 
plano are desired, the lateral responsos of that airplane with 
the non-linearity included must be solved as was cone in this 


thesis for Airplane I anc IIl. 
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۱۸4 | م‎ dead Spot fut 200 inside dead poh c.e- rolag 4 moments due bf. 
ሸ”ን 7 ر‎ 9% lg ‚and (2Ka res ee De ( ሮሮ” 

(2) np Ap and 4p ‚respeefivelg , seet. 


2 Bir Vr and ۵11/۵6 y respete Ti ved, See", = ES x 





ያይ 
4 en dix &. 


Conversion of Stahili ty Derivatives trow 
Non -Dimensioma/ ሥሪ/ጋ 70 7ہ مم‎ $š "Due #ሥሥጋ رص‎ 
(mt: of ‚Fece/er alias, for Ap Plane LD 


The stability derivatives of AirfllaaeZ 
Were conver fed ያረረ AL 0b -dipaeusioma toe ft itil) 
Optat a E a Poria س‎ any US of a سے‎ e ہہ ار‎ 
AS / گن 76ب نا‎ Jy He fo/ [owing Sd ce > 6 پر 7ب‎ = 
(Note hat رر‎ add, fs o wi to the data tor Airplane IT 
in TABLEAU I be wing خو هو‎ 22777 = From REQ) - 


The P finn /ሥ/ vol ون رسو أن‎ ۴6 /4 OU > dica «sj 074 / 
eoel Fieieuf Fort a c 4 > 0, Pel, (ee VALLES). 
lo touvey d £ o des porah / ٨ و‎ aE err s 2 7 


= መቁ. "m 4 
14)“ | 
۔ ام ې‎ 17۹×773 » 2226 /#/ሪ፡፤ 
"اا را ما‎ ۵,6۵0 (۲27۲ ድያፀ F: 
Sh Re e 
13% < ۸ 4: Sect 


4 መሸሻን =0,01840 Sec. 


tere hyo lp =(-6.462)(571X0.01840) =~ 4.52 sec. 





Append iy &. 


L aloral 7 7# 77277 3 2 alos and 
the La plac e Transtoru, 7 


The standard /areral sta I Fe eg allons as 
«Jed by the VACA, sn form sui ladle For E 


the Laplace Mans yom are be DUn- 
(21g “Cy E Gsp Dy tC) p Ug Pas Cis 


17 
BUN ^. 4 


2 -26,2)6- ٠ 2 ዲዴ 
-lend b Cop Aye, YO پر‎ ke Li, GI t 


Wheu Love es pad womens ave cmverted و‎ 
Um fs of 7۲ نں 77ھ -م/ء|6‎ , Ie A ove سوه مک ورد رصم و‎ 28 





2 D-4g)/3 - (Ip O 44 co RIO teg =4 r2 “ተን ጋ” 
f et O DOE ptt, DY = bd + 0. 
-(ngh ዱ DEOD tOM DY ngs Fre 
IF He ou Zeil: ae esnsidered Fixed, the 
Laplace Frausform of Fhe abowe equations heroes 


a5 given mike Following Page <- 
where ;- 3 


E? 


Ø, aad Pare the transtoymed vaviab/es 
Gs the La place Operator, 


fa seri ` o” refers to pital cond fogs: 





C-2 


0 - وه‎ (/۶ - (45 6 14 cs) + Ll "Op A? — 9 ind; [47 


+ ዴሬ Ip Ø + (Uy - Yr), 5 ጀራ 
€3 1 “(a OYA D(2, tl, OF 
sep. + (DO), - (e: salmo] 
4 M 4 سو‎ 


(rs زور وص‎ 
Kz 
: ሚግ Dy LORE S 


> LN 


| auno: ራ-2 way he solved sul lore on lu 
QA d a loo prn Ioa Ius 043 he we lh od of deler mi onas 
2 A, 


— سس‎ 
A 


Thus -'ر‎ 1 
ፓው 
Y 
We 


The de lev 7۶ص۲۸۶۹‎ Wh evr expanded; OVC 
polquorajals 45 follows :- 5 
7 < ۲) < ۸ (8 7 ۲, ۰ ل٢‎ ٤۱ 
A," £6) -A 0 10,0540, 6 1 Es 
A= 6,@ - کا وگ 6 و۸‎ 6r HD €t E, + Be 
A: d (tre 
WE Aa Bat Co T Do TE . 





by Hegv isides EX Pb si ov Meorem fe 
Solu frou S Vor A Ø, dual - yes ee To wel eg ያ 
foaef pas 08 Hwe ere found to per 


: £, 4- هف صن‎ 
۲ E (e An ہ9779‎ 


AE Gw ጌ.ፕፖ/ሯ QA) — م٤‎ 
2 pe J ç d ኋ,//ኘሴ)), 


۶1 >/ 


EE-D, A " 440 ae 
yo EA BOE ال لل‎ 


(note phat ia many cases, Fand/or Ezave zero, making the First forms 
Zero And evabling A, or A} asthe ce p mbybe, to be canceled ın tae ESA Ferm), 


where:-- ( Ay ave Me Fur roots ot (FC, 
vos peetive/v,- 
6 رو ھی‎ FDA FEN, HA 
fa An) =A +B Ay HG As + 02 FEA, F4 
The genera! Oxf fs sons For l € 
coe f fjecen Ts od FCO), ያማረ BE ag) Qu a f 
QVe given QU He Joc lading pa E 
Note:- Simpl fication of Heaviside Expansion Tor ۴6 


fwo Complex Foo lS: = 
Le f ,- ۸ ر 8 6 +6 2 و‎ 4 ۵ Aa 7€-cd 


| Aalt 4 23) وا‎ ( All 
Then:- f.) Aaf £049 prat et b d 
5 Wu سس‎ | Crd ይ ሎሽ 
AFAN Sa LAN = [aet Je + وم‎ 
فاشني ]عم و‎ gr. et frost) pisi (o a£) ال‎ “#2 
- 24€. os (bd t). 
(The à love applies also fo 7 and AJ. 











+ 


Ey pansion of 5 ፓዖ//፲/። ኖሪ ##ጽ።ፉሮያፆፉ፦ Oo (عع لړ‎ i - 
A = Ao DE des A ki) P | 
2. 2 / 4 2 | 
57 “Ly, CEMU. 7 HA Ya, to) te Ine fi a Aad | | 
LD [fu an, A 574,015) ۴) e ee) " ረረ Kp yg 7 4p) 
HEN fg to är aleet d Mp)] 
D= - q lcosd (0; + Ane Ng) ፦ፓያጄ (24 a ZZ) re (LA dom) 
d de Diet, "äre de. "Ip 7 J T, 2 hyp 7 y, 
£ 8 [cos Yo (lg fv "de J fL - ^73 17 
Expansion ٥ ی6 م7‎ 8 6) 6٤ 6 ۸# سن‎ 
A= By (iy I~ شی يی‎ E) 
d d e 
چیم کا کر ا‎ V ود‎ መዓ” )په‎ n eh] 


— ای یه )ی‎ + els in I e IAEA] 
HOZ AO SS ACKEU 4 e U7 A e E, 


Glan n) tálon t ig ut- i 1 ¬ o] 
۳(0 Aloe pm) — “Hot 1t s 4 Cpe Ya Z) Gesto ኣርክ! 
۷ہ‎ Lane (- haps nn ge Cl 
+ ) ۱ kaja (Oph, Hyn) Hi p r) + Sind F —— 

- otn, t ጫ% d h ۹4 he € Ao سو يه‎ ۱ 

D - 7ل[‎ (۵ a sini ام‎ መና ዱያ 


1 Vo [a sin Z, م۷ مٰ!)‎ SACH + (Dy), [Qeos¥y (0, + krag? hy) t side Y ار‎ | 

+ 4e [25 ny 70: nto] EK - ولا 9605 ۳۸م( ]ر7‎ Ing (4,-4,) 4a. AG sinto) 

+ ne Ue ltilecos Y tdi Up +9 sin de 1, (qe 
E= AU Mnpsind ) Ine tosi, ~} sin So). 








C- 5. 


Expansion of 14,7 f (974,6 1 407 0 F4 T £o d EE — 
A,* d [I e Ig ke) 
l3, = Ø L-44- ጨሬ nr“, terk e es ኣፌ | 
7) DØ), lu (/- RII 


Ca = Ø, EY plg -Hol Û Ppp Fl le Ma tr Hag ፌማ 
+ يچ ار جوا‎ Capra Ph) 


LOS JT% n hrk Mot; #/ዱሄፈ፡ K ts] +2# /ሬኑ کا‎ hee ll | 
Ff olê kta ng acl | + D e I 


= رپوا و پچ‎ tul oon en "Zeg "E en 
+ np U Uo Hp a Yr Fp dg lf 704 9 sind, Kxe/ ke] 
+ (00), Yea ry th, Ng le Yr Hra NN GU a Yr 70 (y LI 


KAL 2 dza, bie agin, LA? / “ጋሪ dr al 
fa Ana ot (Cg Wal, ZI 
f0 4 Leg, Ti Hl V ] * 4. (04 EM ፍሬ” le (4, 127479) 
+ Ne (uo Gef kurz A. 
E » lg sind, 077 Ap ]ر‎ lasin 0 47 V اير‎ 
th اک‎ ) ١و‎ Lg sin s (og ta enl] 
7 4e (late - 1g ly.) tle [4g % Eng lto-yr)]-nel Ig Us Gr) #4 7 


E, dim a (139514) T 7 (gg sind) 





Expansion ot Ly? Fy(6)=As6* + Bo S ED EHE t H- 
As = Vp lio ll-kae/ hs ka?)] 
Bs مہ“‎ da 4 d ር Up pp Ao li haa Vi +40 مس‎ et] 
| + (OW) [tho (1— ke ۸7 
C, oh ltr pep nep qp P 4p Me gat ۶٢ 
harki e بو‎ +% gg) + کے‎ (ant: رو‎ . 
LOLA -44-4 ; -h nto krt A? + Ga TA 
+) و(‎ [Uy ny Ay ሬ E رې‎ nt e dé dë bra I H 
Ela (o kya ke) + Me (to) 
h =H lu, lg ho-u, a —4r 06 o I 4o re FY ረረ 
5 7 0 605 9-11 Be dp +My 19 Yn Mg 9 C030, — 
(Oh Lg Hp rek Nog ول‎ p] :دو وب‎ co koki] 
FDA lep ap reka “e Qo) وا‎ |4 o ne 1 
^ Ae (H3 1 la hye At t) ፇራ (ule “Yg Ie) Ve (4, ፖረ ሪጋ Ada 
E; =4 [r lé 90538, “U ng cos] + O Yaol-dageos peost kir] 
t Dy Ip Up geet ës 9054] + OM, Mageol, +), ect bys Az | 
Hgo llamo Ma da YH de ap Tua Hp) Ne (Ge dé "Dä 
= le (ng 9605 6) - 1 (0o geos o). 





Appe nd ix D 


Sample Ca Ita lations for Hand Soru trous For Fe sponse 
in 8, Usma Method of La place Transform . 


A ee I wifA dead a non-linearity /ዎ /2 _ 
stur hance ~ Listurhauce ia ያ/#"መ//ያ Inge only of 7 
يه‎ 5 S0° = O.0872667 radians. 
(The results of this computation are Plotted iu Fig. 2). 
Using fhe determinant CrJAASI ONS of Appena dix © aud the 
chardeteristics of Ar — L from TABLE کر‎ : - E 
Outside He dead spot (1; 7-503356 see., ei Bech Tac) 
when ZA #, 1 iat, AOU Bis - ) 7 rs =i- 
(Note that t4rouhout ٥م‎ following, al coe ffieieuts are divided ۷ک وط‎ 
E(0)= 7181477056730? + 2074012360 -0/5B 60929. 
E(9=400 4267335 * 115. 41/3460 20740/23 
1 )6( 7/4, ( à * (61944, 10/7305 85 - D] 444170, 0 9977 بپ‎ 
۸٥٥۵4 05 785702 - 8 م3021‎ + 55 k 
×٠ ح |۰878 40و0‎ £ 001525888 
po Mi a npa) Tot OITA, FOLA 1.609, 
- 50336 3, t 0175 706/6] OFF [20.0 70563Q, +2. 284574102), H5.2283KOY, 
+1/9/995240+ 010735646] GE (0.09-0/9/372)0 . 
/6)- 04)65 IEW (Dg) [ar HITS TI ۸8.4/ -azoa 
۶ 2.22 64/6 | ی 794۵/23 20 ک‎ +0.9794 (DW), +0.29624%, 
- ۵02 5۳0/60 ,4م2432 5-46 7/3 ,م0‎ 3003724920892 ٤ 
[-01566093/4,, f 066 97 G( Dp], 72.600 T8W B 292+ اط‎ 
+ 0.0023 25165 / 6 1 0020 7 


Inside the dead Spo, (0970, Gei: 


F(6) -a*483/a31 7 Tosé730 * 1/20032404-0 488 7353 
F (e) - 4065426 C338 4/5 44/3465 ۱9.524 | 
#.(6)= (,)60 "418.793, 10133057858, 109] HIFAH IB +116 99 776, 
+0.34505 TESIDO, -8 304), ] 0 ?+103 9100308 100655" 3 752(09),+021954545l 
fo) = (Aw 5 89g, (ng, e 7 [77056 742, 0 Ib که‎ * 
1//2.003234818,12.2845 74(09), 1 0/9 4704), 13.6 7356/5, | ّح‎ ` 
O) = Ca SHR Oy, HOV [++ [Tt rau ano) 0.2200, 42. 2268/4] 7 
+[/9.003290b6 v, 10.57 HWY, 7029624 i 0.0250) Ie, HEINZ Aloggen ۶۸۹۲6 2و7‎ 27 100] | 


¥ wherever fwo sigas occur jn these delermirrant BE ag E upper 


sign CoyYesp ords To positive s. Gud Me lower o negal/ve/s. This is due fo E 





Im‏ کچ 


LN WM. 7 A ቁ | 





DE. 


The two veal roots of FG) weve found by Horners Method ` 
Usiag these yoots, Flo) was ther reduced fo a guadratie. This 
guadratie was ۹ solved tor The cou (۸۵/75 parr of complex roo Ts. 

The roots of Fis) were thus Four fo be :- 
A 20. 0762 5426 
(uhide 1.78 2832892 "e 
the Deed | 3,*-ዐ:27ሪሪይ/ያ#ር 1552 9977=158%6 በር 
47 "0.31166 BH 3- € 155244 777 f. s846/57e 


E A 700254513 
vele 4 2,:-8,2573862 | ۱ 
000 و1‎ -03785 325 4/486 7857 2/52 50620 6 0 


27 2-033953255-c/.4867857=/ 52500200 "202 
Using the above roots, Gp Was pvaluald witht He following سس‎ 8 





F'C2,) = 20.859/9 74 A /9.412862 
Outside He L (A,)-- 546. 04.3 76 0 Inside fhe (A)? - 5 37. 9805088 o 
Bead Spe | F (Ay): 39 سب رر‎ Dead Spot ۴ (۰ 3674 n 
7۴ 55ے مک 3661426 ءل()م 88087 وووو‎ ٥م‎ 


Ys ing initial condı Hans, 70.087266 Tradıans, And 6 above 
roots for Elo), outside Me dead spot; f, Gel nal A 
Were evalua led for fhe first portion of He sufian, Gati! the 
dead spot boundary ,/ 2.0۲ jsreaehed). Ihe results weve Qs መሪ. 
f) = 2.00009 (A,) =00417 37 89 ۴۸0۸02 
£(,)- 482431 .. BOA ITI, ` , 60024144945 وی‎ 
fla). 2.0974 2% bp) 22/92 ፌ)፡‹ዘፈ ወያ gr 
Ma) 0 J570 | 
(Note that before evaluating the preceding funetions, An was 
canecelled ou? where ver possible between Phe numerator and demo ma lor 
of the (es pec tive Heaviside Expausions Q$ given om page l-J o 
Ap yen dix m 
Vsing the above values in the Heaviside Expacasions on ۴ ረ 
the following equations لها‎ 6 found for the Je bad VESPONSES AS functions 
of time :- (f= Lime in seconds). 
۸-0-07 Leg aang 


$008498 4546 21" Es (-7S76BOBL XBR MBL) ad 
D=-02630 9133 4026240300972 0.4043 762 په‎ e 


e EXBR 4857) ada‏ وړ ېړ 
۴ مدوم و/رهوم و 1627126 42.961007 ۳ qJ- -42, 68748-0308182 T3xC‏ 


10.08/000 784e 0 3 49 X 16.8, 26897° 63889485) vadis 











O-3 


Di tfeveahation of Band Y yie/ts, respeetively rale ot roll and 
Va fe of Au! which ave found fo be as to//ows — 
06-0 020009347» 1۵27 FO 7مم پ وووءو ہو‎ 
-000829 7355709976810: ۵۵. 83263 7 ۷6۵ ont 
- 73ج و هون ون‎ OOS in, (0.892637 40488. 94857, tad frac. 
Dw=-0.32818273 70 32 764/75 p 12۴ ٣ ooo jg y 97,5 o7 818328921 
- 00257 ”ع يم و ج‎ 15176» 8/4 (168 38979» x P8.348+ °) 
015749480 EME (16 3 26897° 2 t XB 8.9485), rad rec. 

[he — expressions tor the /ateral vesponses ave valid 
only unt;/ He dead spo? hoandary , (= +2.0; is First Crossed. As the 
dead spot boundary is crossed another sef ot solutions for Me 
lateral responses must be loud as ہلل‎ በሸ airplane is then within 
fhe dead spor. 

he procedure isas follows, and 1's the procedure giver 
in reference (9): - 

/ as 9 un the po} Tons of page D-2 was evalua e d ip degrees 
every Ol second starting at zero ti meunt/aqvalue ef f MY /oss 
than +2.0° was reached. The resulting curye was olred ow 
Zog A. From Eje? 6 approx male time ar which the dead spor 
boundary was crossed was found tobe 0.78 seconds. 

This time, (t=0, 78 seconds), was substituted jn He preceding 
ማቆም for the lateral responses, Thrs gave the exac رص مر ہرس‎ 
of all fhe lateral ve Spon ses af 0.7B seconds, wh ied was now 
assumed tope Me Jine qf ۸ ۰۸ the dead $207 boundary 
was e first 2. ed . The yesultıng values For tue 7 
responses were used as the mija! conditioms For The next 
section of Me solution, hich was, of coarse, inside Ye 
the dead spof. Using Mese initial coud: tious, this Second 

ortion of fhe Solu from Was tformulafed exacto as was 
done for the First portion excepi Aaf the Vav os: ké de ب‎ 
er l4 iA (M SC e deed spot yr ave «sed. A// late va res ponses 
were found for Mis second por fion of Me solu lion. For purposes 
of computation, time was fake as zero af the beginning of 
His second portion of Me soluhon. Thas, this time was added 
fo 0.78 seconds, Fo g/ve time with vespeet 70 ۰ beginning of 
Me cutive solation. The tiwe for Me second Crossin of the dead 
Spot bound ara , 3 = 2.0), was Found As oul haed above for he First 
CVYosyınd. The values of Me latera! /esponses ar the seco nd deod 





ሪች. 


spof evossina were used as Me ¡imiha/ condi homs for Me 
ብ ird por fion of the So ly trion whi ch WAS outside He dead 
Spor. This procedure mus»? be repeated each tiwe the dead 
spot boundaries are crossed, As Cda be seen from ۸۸۰ ر‎ fhe 

. spot found ar ies We ye crossed three fr mes, Gud has Here 
Were four por fions O he Foral solar, on, Me res pouse /ሥፖ/ፓ 
remaining within the dead spor Se dad dee He Sour fh portion. 

The jai tial conditions and fhe 7 for Are sponse 

fov each pov fica of Mie sofu Fion are giveu be/bw. 
eg ins at ዕ seconds. 





First h rion 


0.0.08 1266 (vadıans. | 
of Solution. 4,24 e -8,2832892x É | 


ihal londi hons,- /% = 7 t 
; $0 $44 6X 
fA 7-0 0 ۳2 7۵7۵+ ۵ 0۲551289 r gy 821+6 
۸-( برخ +* 508 76 75-) وه ۳ 344 49 و0‎ 88.94 25 2 yadıans 


Begins at 0.18 seconds. 3 | 
Initial Conditóns:- 8 -( 074 2774۵ .لم‎ d, -0. 00022383; EEN 


- 00945 93/7٨4 زو‎ (DW),= 0.09507922 rad /see.. 
- ۵.2۶577862 


x 
| 
| 
x 
x 
| 





Second forte 
ot Solution - 





O 
f --0 000033740510 8^ 9.0000 74872 50€ 
006933 8340013933255 E 0.(5992895 4185186353) ;1adian | 
ee Begins at /63 seconds. | 
MIA — 6, "0.0350 26/2vadıans ; 4 00354. TÀS rad inus ) 
(De) 70012/85r04 hee; CL Bo rad Erde | 


SE -8.2832892xt 


(B=0.07267072-0.07432 6690? “23 4LED 000191202218 
Hà. 047163946 01669 XY. 0524 0/68/5* t x 88894 8507 vad;ans. 


E au Bea ins af 2.46 seconds 
Portion Initial Conditions :-) /%=-0.034 9052 lradians Z=00N3BITÍ radiens) 
o E Sola tion. Do), 0.0063 73/6 rad foc ; Yo 0/2026 4 va d., GW aa 
(DA), =-0.03056453 rad /sec.. 
3 =0.000/6294609 22:95 PI, 0 955) 552 35 40e" P: 
L003886/658 € 93159 X1 946 743/0 LXBSIBETST rade 





2573 86 2 ۰ 


The res ponse ia TE: for 8575.05, for Airplanes Jand I with no 
non-linearities require only Phe calealatrons As outlined Po 7 
« for the First portion of HMs solurıon, (€xc ep 7 777 (4 7) aud of 
Course no other /atera! responses need he co/culalzd in fs ease. Thas, 
He talealations tor fhe case with no qon- liaegrihes are math shorter Han 


those dal ያዉ. for fue case where a d'e ed, snae. s involved 


AS 
we ነ + ہے‎ SL کچ‎ S SN ኒዲ ሊን VS NZ 
ASS O 





n dx E‏ هو 


7 6 /a fera / d YHA WIC 5 Jah /, 2 2 4 Do ے٦‎ 
(Equations, መ2 were Trans Posed fo the ۵ wing forin 
for solution / the REAC compaler.- 


ረ ከክ... ለይ ዓረ: ከረመ Ute, 
D08 +00 Es DL ML D E 


DY FGR + * OD tp ID +h, Dy 
The sehematfie Wiring LAGA of the REAC wits no 


non-linearities in force or moment devivafives vr 
9 yen below : - ( D~ h fegraTing amplifie uU (I). 
( መ“ Summing And phase inverler am fiers 


NO 
(O ~ Multiply 76 potenti owe fers.) » 


< Rev order. 
P. N mel A 
۱۳۱23 «اب-‎ > 07 ۱ 5 es 
ዴጓ G GA oly, AP A < — وم‎ 1. 
+۲ = مر‎ ld P-4: 
(IAEA) 5-17 
Retorder Geos 
sho LE up +Z vu. HAGA r 
-DØ ہر‎ LA DØ ሩ/ 2 De 13 
0 m, PE ABD cp 53 ۷ 
LOD Qe re ç. 
Recorder 


Reeorder we ¡nfs 
2 9 +40 45 7 ۱ 
S-17 D و‎ PT de + O 2 t — [-l ደ K , 
-ሪረጭ/ ዕን e: -( %)DY Sb pp መው I-7 
u (GAY 14 — 
“ያን tL - u I 5-/4 Det 
۱ CO DE AUTE 5-17 


Recorder. kl + 
- a k 7 
s ل‎ $ kx OY $ -/é 
` 1 
5-6 و مس‎ rk - 5-7 


Notes: - Above dia gram is for Airplane p 
For Airy/anelT following changes are made. 
Remove P-8 fron circuit, Connect S-8 output fo 5-16, bain ۵ 
instead of S-/6,bain/ ; conmect S10 output to S-17 6۵/۶/۵, 
instead of S-/7,bain/; (These votes continued on next page.) 








Continuation of ‘Ap tes 0 for REAC wire) d مر ووه‎ on the 
preceding age = 

for Airplane Ii F-6 and F10 settings are, 
ves pect ively Go And + fap ۱ " 
Out futs of S/S and S-82 are, res pec (ve uy +- 222 
And + WE | 


For Airplane de 7690777۴ 

Cor Airplane Z, Ley oe 5 

There fore, for the 5 ° 4 ۱١ 74 ۸۵ ھ م ,مھ‎ — 
Foy Airplane / له‎ To = S. Oro A 
For Air polane l ~ -fo S 7. Vo VIE 


ing Jm for Dead Spot in 04 :- 








Schematic BEAC Wir 
No Tes:- 7 
4 ው (“dhe b R= 4/3 tor ሠሪ dea d 


a 1 
WS. Lim tars , (2h 
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